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SINMARY

A generalization of Kuhn's simple assignment problem ls considered:
There are m men and n tasks given with each man qualified for
certain of the tasks. The output from each task is given as a concave
function of the number of qualified men assigned To it. Find an assign-

rent of men to tasks, perhaps more than one man to a task, so as to

maximize total output.

An algorithm for solwving this general problem is given in which
transfers like those used by Kuhn on the simple problem are selected
using a node-labeling procedure on a related network. The algorithm
yields for every k, 1 £k {m, an optimal assignment ol the first k

PR

men only, employing a single transfer to increase k by one. Several

special forms ol the generalized problem are considered including a

target-assigmment provlern which A. 3. Manne has formulated as a linear

program. C )

sl



31. INTRODUCTICN

In solving the general (linear) assignment probler, Kuhn considers

a sivple assigmnment problem {2; p. 83], in which it is required to assign

m men to n tasks,one to each task, so that a maximum number of men
are assigned to tasks for which they qualify. 1In treating the simple

problem, he considers partial assignments in which each man ia either

unassigned or acsigned to a task for which he qualifies and shows that
a sufficient number of transfers transform any partial assignment into
an optimal one. A transfer consists of a "bumping" operation in which
an unassigned man is assigned to a task for which he qualifies, releasing
a second man to takea different task for which he qualifies, releasing a

third, etc., ending with a kth man who i1s moved to an unoccupisd task.

In 82 we introduce a generalization of the simple assigrment problen,

a multivle-assignment problem, in which m men are to be assigned t¢ n

tasks, perhaps wcve taan one per Task. We assume the ocutput from a task
is a concave function of the number of qualified men assigned to it and
ask for an assignment which maximizes total output. In §3 we describe an
algorithm for the multiple-assignment problem utilizi- z transfers and
show it yields an optimal assigmment. Finally, in 84 we consider three
special cases of the multiple-assignment prob? zm: the simple assignment
problem itself, an assigmment problem with priorities on the tasks, and

a target-assigmment problem described Ly Manne [3].

§2. DEFINITIONS AND PRELIMINARITS

A formal statement of the multiple-assignment problem is contained

in the follouing three definitions:



P R o et N SR e

THE QUALIFICATION MATRIX, Q. An n X m matrix Q = {qij} is a

gqualification matrix if it is a (0,1)-matrix (a matrix with entries

0 or 1 only) without zerc columns.

THE ASSIGMMENT MATRIX, X. An n X m matrix X = {xij} is an assignmen’
for the n X m qualification matrix Q if it is a (0,1)-matrix with

exactly one nonzero entry per column and
(1) X,.=0 whenever q.. = Q.

THE MULTIPLE-ASSIGNMENT PROBLEM, [Q,fi]. An n X m qualification matrix
Q and a set of n concave functions fi(k), 1 £i < n, defined for
integral k, are given. An assignment X for Q is to be found which

maxinizes

() e =zyr, ()

In terms of men and tasks, qij = 1 if and only if man j qualifies
for task 1, Kij =1 if and only if man | 1s assigned to task i,

ij is the number cf men assigned to task i, and fi(k) is the output

i
from task 1 if k (qualified) men are assigned to it.

The formulation stated assumes each man is qualified for at least
one task, each man is assigned to some task, and no man is assigned to
a task for which he does not qualify. These are not material restrictions,
If an application should arise in which a man need not be assigned to a
task for which he qualifies, an additional, idle task may be introduced
for which all men qualify but for which the output is zerc. Also there
is no essential restriction in supposing the values fi(k) are defined

for all integers k%, though clearly only the values. fi(k) for k from



0 %o m can have any offect on the soluticn.

For convenience in discussing the problem, we define

1]
™

3 ry(®) =z,

for any matrix 2= {zij},-and

5, (k) = £ (k1) - £, (K), 1<3 < n.

Also, if ¥ 1s an assigmment for a problem [Q:fﬁ] we define

il

o3 (%) = 8, (r, (X))

and

"

6;(X) bi(ri(X) - 1)

which are respectively the gain and loss from adding a man to or
(provided ri(X) # 0) removing a man from task i. Note that the

concavity of the fi is equivalent to the condition
(4) 5, (k) 2 0,(6")  if kLK.

Given any two assigmments X and Y for a problem [Q,fi], their
difference, D = ¥ - X, may be consid -ed the incidence matrix of a
directed, loopless graph, G, with a node for each row of D, and an
arc for each nonzero column of D. The arc corresponding to the nonzero

column j of D starts at node i¥ and ends at node i, where

di*j = —l, dij = 1.

A path of length k from node a tonode b of G 1s a sequence

of k arcs visiting in succession k+l1 distinct nodes starting with




& and ending with b, A circult is a path except that the starting
and ending nodes only are identical. We will say a collection of
matrices of dimension n X m are disjoint if for each j, 1< j £ m,
at most one matrix has a nonzero entry in column Jj. It will be
convenient to refer to the incidence matrices of graphs using graph
terminology. Thus, P below is a path of length 4 from row 1 %o row

Ly C 1is a circuit of length 3, and P and C are disjoint.

-1 0 0 0 O 0 ¢ o o 0 0o o 1 -1

c -1 o 0 1 ¢ 0 6 0 0 0 0 0o 0

P= 0 0 0 1 -1 0 O c=( 0 O 1 0 0 -1 O
c 1L o 0 0 0o 0 6 o -1 0 0o 0 1

1 ¢ ¢ -1 0o 0 O 0O O C ¢ 0 0

The proofs of the following lemmas are not difficult and are omitied.

LEMMA 1. If X and Y are assigoments for [Q,fi] and P=Y -X

is a path from a to b, then
o(1) ~ o(X) = 87 (X) - »7(X).
b a

LEMMA 2, If ¥ and Y are assignments for Q, the difference

D=Y - X can be written as a finite sum

(5) D=Py + Pyt *oe £C 0,y + "0,

where the Pi and Gi are disjoint matrices, the Ci are circuits,

and the Pi are paths with a maximal property, naﬁely:
(6) No path ends at a node (row) where another path starts.

Moreover, if E is an arbitrary sum of paths and circuits in (5),

then X+E is an assignment for Q.




§3. THE ALGORITHM
In order to simplify the statement of the algorithm for solving

the multiple-assignment problem, we introduce the notion of a special

task. Task s in a multiple-assigmment problem [Q,fi] is a gpecial

task if for some +
(7) fs(k) =k-Y,

i.e, 1if fs is linear, and all men qualify for task s, In particular,

an idle task is a special %task.

/

Given any probiem [Q,fi] which does not already contain a special
task we may introduce one by adding a row of 1's to @ and defining
the corresponding output function by (7). It is clear that if ¥ is

chosen sufficiently negative, in particular if
(&) Y<éi(k), i# s, 0<k<m,

then an optimal assigmment for the augmented problem will assign no
men to the special task and therefore will (on deletion of row s)

be an optimal assigmment for the original problem.
The following lemma provides the foundation for the algorithm.

LEMMA 4. Suppose Q 1s an n X m gqualification matrix and
[Q,fi] is a multiple-assignment problem with special task s. Let
Qﬁ, 0 £ 2 <m, be the qualification matrix equal to @ in the first
4 columns and in row s, but zero elsewhere. Suppose for some k,
1<k <{m, that 1 45 an opbtimal amssignment for [Qk—l,fi]. Let
X* be chosen from the optimal assignments for [Qk,fi] so as to

e s -t -1
minimize the number of arcs (nonzero columns) of D = X% - Xk -

e —— e ———

——— )




Then D=0 or D is a path starting at s.

Proof. If D = 0, there is nothing to prove. If D 1is not

the zero matrix, it may be decomposed as in Lemma 2. Since

r.(2.C,) =0,

it follows that

(2.P,
r; (B485)

i

r, (D)
or

o (L 4 2,2;) = p(x).

But %F, would consist of fewer arcs than D if the decomposition, (5),

involved any circuits. Hence, by the choice of X*, D = Eij.

Suppose (5) includes a path P, from a to b, which does not

involve column k. Let E =D - P. We do not exclude the possibility

— 1
E = 0. By Lemma 2, G RPN an assigmment for [Qﬁ,fi], but

¥ = X"t 4 B4+ P is optimal, so

(9) p( T+ E) (e B >0l
In fact, by the choice of X¥, equality cannot hold in (9). Similarly

(10) o(X 4+ P) - o(x*) <o,

k-1

since X T+ P 1is an assigmment for [Qk

,2,] s vell as for [G 50

By Lemma 1, (9) (with inequality) and (10) imply

6;()(1{—1 +E) ~ 6;(Xk"l +E) >0
(11)
+, k-1 -/ ok-1
éb(X ) - 6a(X ) <0 .




Since by (6) no path of E ends at a or begins at b, it follows

r (X0 4 B) > r (7
(12) .
LT w) < (8T,

But equations (11} and (13) are incompatible. Hence every path in (5)
must involve column k, and as (5) is a disjoint sum, D is itself a

path invelving column k.

Suppose now that D does not start at the special task, i.e. a ¥ s.
Siqce D involves column ¥k, it visits s but does not end there. D,
then, may be written as a sum of two disjoint paths: R from a to s,
whicn does not involve column k, and T from s to b. We would like
to repeat the arpuments of the preceding paragraph with D =R+ T in
place of (5) and R in place of P. Unfortunately, R and T do not
satisfy (6). However, (12) is violated only for the special task, for
which (13) holds anyway. The rest of the argument applies, leading to

a contradiction. This proves the lemma,

From the foregoing and Lemma 1, the following theorem is easily
proven. As mentioned before, there is no restriction in supposing

[Q,fi] involves a special task.

THEORIM 1. PSuppose [Q,fi] is a multiple-assipnment problem with

— e e




gspecial task s. Let Qz, 0<4<m, be as defined in Lemme 4. Suppose

XO is QO and for each k, 1 < k< m, Xk is chosen from among the

-

assignments for Qk which differ from Xk_l by a path from row s %o

(Xk—l

row b is considered such an assigmment with b = s) so as to

maxinize 6£(Xk_L)

and X is an optimal assignment for [Q,fi].

. Then each XX is an optimal assigrment for [Qk,fi]

In order to apply Theorem 1 in pract’ce, a method must be avallable

for choosing row b for each k and constructing Xk. For each Xk,

Qk and Xk_L may be thought of as defining a directed graph with rows

.~k . .3 . .
of Q  as vertices and an arc from row i* to row i for each triple,

(1,i*,3i), for which

k-1 k-1 k-1 _ . . 3%
(l’;) ""i%j qi:(‘j - ‘J-J qij - lJ 1 # 1 .

Each arc indicates the possibility of shifting man j, j < k, from task
i* 4o task 1. FEach path in the graph so consiructed corresponds exactly

1 —
to a path P (in the matrix sense) for which x5 1

+ P is an assignment
for Qk. If a path starts at s 1t corresponds to what Kuhn terms a

transfer.

A familiar procedure for constructing paths in networks (see, for
example, Ford and Fulkerscn [l, pp. 17-18]) can be adapted for choosing

b and the path < _ Xk_l

as follows: Initially, all rows are
unlabeled except row s, which has label (2,0). For any (i,i%,j)
satisfying (1l4) such that row 1i*® is labeled but row i is not, the

label (i*,j) is attached to row i. When no more rows can be

labeled, a row, b, is chosen from the labeled rows so as to maximize

e




a;(x‘“). It b=s, X0 is taken for X%. If b # s, a finite

sequence of labels,

(1

\Jr

) (il’jl)’ (12’j2)’ ceey (it;jt); (OJO)

is generated starting with the label of rovw io = b according tc the

ruie (ih’jh) is the label of rov i%—l' By thae nature of the labeling

k

process, all i are distinct, as are all In this case, X is

h Ih*
formed from Xﬁ-l by moving the 1 din column jh of Xk-L from row
ih to row ih—l for each h, 1 < h <t., In practice Xk can be formed

at the time (15) is generated.

Regardless of the sequence of labeling, the same set of rows are

eventually labeled., !.ilso, any optimal assignment Xk for [Qk,fi] which
diflers from Xk_L by a path from s can be obtained by suitable

. : . A - +, k-1
labeling order and choice of b maximlizing 5b(X ).

In practice, a row may be given the label j instead of (i¥,j) since
. k-
i*  can be determined from X< T. Also, the backtrack, (15), may be

started as soon as a row, b, is labeled for which in some way it is known

b'g(xk‘*) =p = Max oT(xXD) .
1<atn

84. THREEZ EXAMPLES
In this section, we consider special cases and applications of the

multiple-assigmment prohlem.

We note first that the simple assignment preblem is a special case
of the multiple problem. The quslifications of the m men in a simple
problem determine an m X m square qualification matrix Q +to which may
be added an m+lSt row consisting of 1's to obtain an (m+l) X m

- . . . 3¢ .
qualification matrix Q"., If we define
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£, (0)

0, 1<{im
i

fi(k) 1, 1<i<m, k> 1,

fpr (k) = k=,

then [Q*,fi] is a multiple-assignment problem with special task m + 1.
Application of the algorithm of Theorem 1 to [Q*,fi] for different

values of y will yield diflerent optimal assignments, X(yv). However,

k-1

since the transfers (paths, X< - x ) employed in executing the algorithm

if 0 <y <1 would be suitable in each case as transfers if v = 0, it
follows that an assignment X(%), say, is also an optimal assignment

with vy = 0. Since X(%) must assign at most one man to any task except

st L. . . . . s .
the mtl™ ", it is clear it provides an optimal partial assigmment for

. . , . st . 4 X
the simple assignment when men in the m+l™ " ftask are considered unassigned.

+

=1, _ .
b(X Y =1 is

If labeling is discontinued as soon as a row, b, with &

labeled, the multiple-assiznment algorithm is essentially the one given by Kuhn.

Consider next a rnultiple-assignmen® problem [Q,fi] (without idle

task) such that

£.(k) = Cik s k< m,
(16)

fl(k) = ogm, k> m,
and
(17) ¢y 2P c, 2> e D> > 0.

Provided the inequalities (17) are sufficiently great, this problem
is equivalent to finding a best assignment of men to prioritized tasks
where task 1 has a quota of m, men. The usual difficulty in achieving

a solution to a priority-iype problem using a system of inequalities



-y

1l

such as (17) is the extreme range required in the size of the cye

Here, however, we find:

THEOR®M 2., If X is an optimal assignment for [Q,fi] where the

£, are given by (16), and

(18) ¢y > c, Do > c, >0,
then X 1is also optimal feor any choice of the cy satisfying
(19) cp 2 ey 2t 2c 20.

Proof. This result is immediate on noting that the values &iQXk"l)
which determine permissible transfers in the algorithm of Theorem 1 are
exactly the quantities in (18) and hence the same transfers are permissible

if the ci's satisfy (19).

This theorem has two consequences of practicel significance. First,
it 1s sufficlent for sclving the priority problem to use, say, the first
n integers for the Cis and second, nothing is sacrificed by putting
priorities on the tasks -- an optimal assigmment with priorities is also

an opbtimal assigmment without them, i.e. with ¢, = 1, 1<i<n.

Finally, we will show that a target-assignment problem considered
by Manne [3] can be handled efficiently as a multiple-assignment problem.
Suppose m guns are avallable to direct against n targets. Some
guns cannot be directed to certain targets, but all guns which can be
directed against a specific target are equally effective. BFach target

i, 1 €1 < n, has a value a, and the expected value of this target
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after a specified time of bombardment is
m
) a. = -
(20) a, = a, .q_(l pixij)’
j=1
where Py is the probability that one gun alone will destroy the
target and xij is the probability (after the manner of game-theoretic

strategies) that gun Jj 1is %o be directed at target i. It is desired

to choose the Xij’ subject to

and the restriction that xij =0 if gun j cannot be directed against
target i, so as to minimize A = Ziai. A 1little thought shows that for
each j, A 1s linear in the variables le’x2j’°"’xnj and hence

there is no essential res<riction in supposing the Kij are integral.l

If wé look only at integral assignments, {20) may be replaced by
Xij ijij

It is clear now that the problem i1s a multiple-assignment problem 1f we

set

£,(k) = a,[1 -1 - pi)k]

since fi(k), the expected loss in value of target 1 wunder fire from

k guns, is concavein k.

+ This is a point which Manne apparently misses in his discussion of

the problem. There is a question whether (21) ought properly to be used
in place of (20) with % being the portion of time gun j is directed

at target 1. However, it is not our aim to compare models here.
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Manne shows that the problem (with assumption of integral assignments)
is a linear progran of the transportation type. It might be asked if the
speed of algorithms for solving transportation linear programs makes
Manne's formulation competitive with the algorithm of Section 3. The
answer seems to be no' for the following reason: The linear program
is highly degenerate so that many pivots are required before one is found
which decreases the objective. The pivots whica do decrease the objective,

however, correspcond roughly to improving transfers in the mulitiple-

assignment algorithm.
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